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Abstract

This paper devises a stochastic volatility feedback (SVF) model to investigate the economic importance of the
leverage and volatility feedback effects, both of which are the two main explanations for volatility asymmetry. We
perform the dynamic asset allocation model under the SVF model and then assess the economic performances for
the corresponding optimal investment strategies. Our findings are as follows. (i) the volatility feedback effect
drives the intertemporal hedging demand, in contrast, the leverage effect has a minor effect on it; (ii) a longer
investment horizon or a higher current volatility enhance the volatility feedback effect; (iii) ignoring the volatility
feedback effect would suffer from tremendous economic loss.
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1. Introduction

The empirical evidence to date in the finance literature suggests that there are two major style facts in stock return
volatility. First, stock return volatility is time-varying and clustering. The change in volatility is serially correlated
and persists for a long period of time. Second, the shocks to stock return volatility are negatively associated with the
unexpected stock returns. Typically a large negative shock to stock return may be associated with upward revisions
in subsequent return volatility (Note 1). This feature has been called volatility asymmetry. According to the financial
theory, it can be explained by the leverage hypothesis and the volatility feedback hypothesis (Note 2). The leverage
hypothesis proposed by Black (1976), Christie (1982) and Nelson (1991) advocates that a declined equity value
(negative equity return) deteriorates the total value of a leveraged firm and then raises the holding risk for the equity,
driving up the equity volatility. The volatility feedback hypothesis suggested by Pindyck (1984), French, Schwert
and Stambaugh (1987), Campbell and Hentschel (1992), Bekaert and Wu (2000) and Wu (2001) justified that while
the volatility risk is priced (the expected stock returns increase when volatility raises) and the volatility process is
clustering and persistent, any shock of either sign increases the future expected volatility and raises the required
returns for holding stocks, bringing down the current stock price (negative return).

Leverage and volatility are two interrelated topics which are extremely important for financial managers (Riasi &
Amiri Aghdaie, 2013; Riasi, 2015). The importance of leverage and volatility has been increasing in recent years as a
result of the introduction of new sources of financing for the firms like funding from the shadow banking industry
(Riasi & Amiri Aghdaie, 2013; Riasi, 2015). Despite the large body of empirical literature devoted to the analysis of
the leverage and volatility feedback hypotheses on asymmetric volatility, little is known about how asymmetric
volatility affect the investor’s asset allocation decision. The mechanisms of the leverage and volatility feedback
hypotheses are different and thus may give rise to distinct effects on the optimal investment decisions for investors.
For example, the leverage and volatility feedback effects would perform profound impacts on the optimal investment
decisions for investors, who maximize their expected utility subject to the budget constraint made by the stochastic
volatility models. In effect, the magnitude of the change in investment opportunity set is associated with the
correlations between stock return and the change in volatility. The leverage and the volatility feedback effects would
affect the investor's intertemporal hedging positions to hedge against the risk from the change in investment
opportunity set.

This paper contributes the literature in several aspects. First, we propose a new continuous-time specification for the
stock return and the change in volatility. This specification is associated with the Campbell and Hentschel's (1992)
asymmetric volatility model that jointly equips with the leverage and volatility feedback effects. Specifically, our
model has a flexible second moment structure, such as quadratic functional forms for the instantaneous variances of
stock return and the change in volatility, the instantaneous covariance between stock return and the change in

Published by Sciedu Press 126 ISSN 1927-5986  E-ISSN 1927-5994



www.sciedupress.com/afr Accounting and Finance Research Vol. 5, No. 2; 2016

volatility and the time-varying state-dependent elasticity of volatility, which are all strongly associated with the
optimal investment decision for investors. Next, we investigate the economic importance of the leverage and
volatility feedback effects in terms of the dynamic asset allocation. Finally, the economic performances of the
optimal investment decisions under various specifications and periods are calculated.

Since the seminar works of Merton (1969, 1971), we have known that the variation in future investment
opportunities would cause investors to hedge against such risk. It in turn gives rise to an intertemporal hedging
position in their optimal portfolio weights for the risky asset. In contrast to the findings in the literature, our
calibrated results based on the flexible correlation specification show that the size of the intertemporal hedging
demand may dominate the myopic demand and the main contribution to the intertemporal hedging demand is
associated with the volatility feedback effect. It is apparent that the effects of volatility asymmetry is very critical in
the dynamic asset allocation but the previous studies didn't addressed this issue. Our study would fill up this gap. Our
findings are as follows. (i) the volatility feedback effect drives the intertemporal hedging demand, in contrast, the
leverage effect has a minor effect on it; (ii) a longer investment horizon or a higher current volatility enhance the
volatility feedback effect; (iii) ignoring the volatility feedback effect would suffer from tremendous economic loss.

2. Volatility Asymmetries and the Model
2.1 The Leverage Hypothesis and the Volatility Feedback Hypotheses

Volatility asymmetry indicates that the innovations to stock returns are negatively correlated with the innovations to
stock return volatility. For example, negative (positive) returns are generally associated with upward (downward)
revisions in return volatility (or conditional variance of stock return) over periods. Empirically, contemporaneous
return and conditional return variance are negatively correlated. According to the financial literature, it can be
explained by the leverage hypothesis or the volatility feedback hypothesis. The leverage effect proposed by Black
(1976), Christie (1982) and Nelson (1991) justifies that negative shocks to returns drive up volatility. A declined
stock price may deteriorate the total value of a leveraged firm. Since equity bears the full risk of the firm, it would
drive up the (subsequent) volatility of equity. Thus, the hypothetical prediction of the leverage hypothesis for the
cross-correlations between volatility and returns can be formalized as follows:

the leverage hypothesis: the current stock return (volatility) is negatively correlated with the
current/forward volatility (current/lagged stock returns)

Alternatively, the volatility feedback hypothesis proposed by Campbell and Hentschel (1992), Bekaert and Wu (2000)
and Wu (2001) advocated that positive shocks to volatility drive down returns. If (i) the expected stock returns
increase when volatility increases and (ii) the volatility pattern is clustering and persistent, then any shock of either
sign increases the expected future volatility (it is expected to persist for a period of time) and in turn raises the
required returns for holding stocks, bringing down the current stock price. We can further predict that the (ex-post)
forward volatility will increase and the corresponding risk will be priced in the future stock returns. Hence, the
hypothetical prediction of the volatility feedback hypothesis for the cross-correlations between volatility and returns
can be characterized as follows:

the volatility feedback hypothesis: the current volatility is negatively correlated with the current stock
return and positively correlated with the forward volatility and stock returns.

It is apparent that although the causality of these two hypotheses are different and the mechanisms of them are
independent (not mutually exclusive), their hypothetical predictions are consistent in some aspect. Moreover, both
mechanisms for these two hypotheses can simultaneously contribute to volatility asymmetry, see Bekaert and Wu
(2000) and Wu (2001).

In contrast to the above hypothetical prediction of the volatility feedback hypothesis, Bollerslev, Litvinova, and
Tauchen (2006) suggested that the volatility feedback hypothesis would cause negative correlations between the
returns and the lagged volatility. Their study adopted this prediction to detect the effect of the volatility feedback
hypothesis on volatility asymmetry. However, this hypothetical prediction might violate one of the sufficient
conditions of the volatility feedback hypothesis: the volatility risk continuously fails to be priced. The returns fail to
be compensated for the corresponding upward-revised risks (or volatility).

2.2 The Stochastic Volatility Feedback Model

Campbell and Hentschel (1992) proposed an (discrete-time) asymmetric volatility model, in which the leverage
effect and the volatility feedback effect have been involved simultaneously accounting for volatility asymmetry.
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They first assume that the unexpected changes in the dividend growth have no serial correlation at the level but a lot
of them in the volatility:

(Ets1 — Ep) Z;O:O <fjAdt+1+j = Vhes1 " Veg (1)
hern = w + a(he v + Bh @

Where v, are the i.i.d Gaussian innovations with zero mean and unit variance. h.,, is the conditional variance
of the unexpected change in the future dividend growth following an quadratic GARCH(1,1) process in which « is
the ARCH parameter and f is the GARCH parameter (Note 3). The parameter 1 plays a particularly important role
in this nonstandard GARCH model in which the n parameter in the ARCH term a(\/h_t v, —1)? may give rise to an
asymmetric response in negative and positive shocks. If it has a positive value, the effect of a negative shock v, on
h; is necessarily larger than that of a positive one. Since the magnitude of n measure the degree of volatility
asymmetry in response to the past shocks, we are able to term ) being the (conventional) leverage effect. In addition,
the conditional expected return E,(r;,;) is assumed to be a linear function of volatility of the future dividend
growth:

E(1e41) = 80 + 61heysq (3)
where &, is supposed to be a positive value (it may be a negative one from empirical evidence) to reflect the fact
that larger anticipated future volatility call for higher required return for holding stock.

Campbell and Hentschel (1992) proposed the following return process (Note 4):

Tep1 = 0 + 61heyy + (1 + 277/1)\/ Rip1 Vegq — Aht+1(”t2+1 - 1), (4)
where
_ 51éa
e 0 ©®)

and ¢ is the linearization parameter (Note 5). It is important to note that the innovation v,,, in the future dividend
growth is the only source of uncertainty and the corresponding conditional variance h,,, can be referred to as
“fundamental volatility”. The last term of (1.5), Ah,.;(v,.1% — 1), reveals a channel that the unexpected change in
dividend growth, any one of either sign, gives rise to a reduction in the current return. The intuition is that: an
unexpected change in the future dividend growth drives up volatility. Since volatility persists (due to GARCH effect),
an investor who anticipate higher future volatility will demand larger return for hold stocks (based on the tradeoff
between risk and return), which in turns causes current return to fall. Such a dynamic chain reaction in response to a
return reduction has been referred to the volatility feedback effect (Campbell and Hentschel described it as no “news
is good news”), and the A parameter appears to be a gauge on the degree of the volatility feedback effect.

By utilizing the continuous-record asymptotic theory developed by Nelson (1990, 1992), Nelson and Foster (1994)
and Duan (1997) methodology, the Campbell and Hentschel’s (1992) model converges to a bivariate diffusion
system (the derivation is given in the Appendix B).

Proposition: If (i) the first and second moments in the discrete-time system converge to well-defined limits; (ii) the
drift and diffusion terms in the diffusion limit sustain the existence and uniqueness of the solution in weak sense, then
the asymmetric volatility model of Campbell and Hentschel (1992) converge to the following bivariate diffusion
system:

dyt] 3 [50 + 6,h, ] it + [(1 + 20\ /he \/Zlht] [dglt]
dh Yo + P1hy —Zan\/h_t V2ah,| ldBae]
where B;, and B, are two independent Brownian motions, ¥, = (w + an?) and ¥, =1—a — p).

(6)

Several noticeable features are in order. First, the instantaneous variances of the stock return and the change in
volatility are, respectively,

opr = [(1 4 2nA)? + 222k ] hy, @)
and
o = 2a(2n*+hy)h,, 8)
while the instantaneous covariance between stock return and the change in volatility is negative:
Opne = —2a[(1 + 2n)n + Ahe]h, <0, 9
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All of these moments are quadratic functions of the state variable h;. It also clearly seen that the influence of the
volatility feedback effect A1 is much larger than that of the leverage effect n as argued earlier. We therefore refer to
the proposed model (6) as stochastic volatility feedback (SVF) model. Furthermore, thanks to the volatility feedback
effect 1 (and to a lesser extent the leverage effect m), the instantaneous variance of the stock in (7) is larger,
sometimes substantially larger, than the fundamental volatility h, corresponding to the future dividend growth and
implies excessive volatility in the stock return observed by Shiller (1981) (Note 6). Also note that Bekaert and Wu
(2000) and Wu (2001) have found some empirical evidence supporting negative relationship between stock return
and the change in volatility mainly determined by the volatility feedback effect.

The elasticity of the return volatility a,, with respect to volatility h, yields

dlnope _ 1 242n}
dInhy 2( + oot ),
which is time-varying and an increasing function with respect to h,. It means that an upward movement in volatility
h; is likely to drive up the elasticity of return volatility o, it in turn amplifies the fluctuation in stock returns and
the volatility of stock return may become more volatile. This sophisticated elasticity structure is more general than
that of the SV(J) model, even that of the CEV model.

3. Dynamic Asset Allocation Analysis

The volatility feedback effect may give rise to profound implications on the dynamic asset allocation decision of the
investor. While the volatility feedback effect is kicked in, the caused change in future investment opportunities
appears to be enormous in accordance with the quadratic form specifications with respect to the state variable h, in
azft and oy, It in turn motivates a risk-averted long term investor taking adequate hedging positions to against the
risk from the predictable change in investment opportunity set. We utilize a formal dynamic asset allocation model to
investigate if the volatility feedback effect (as well as the leverage effect) strengthens the investor's hedging position
(in magnitude) to against the intertemporal risk, and by which the total demand for stock is expected to be affected
and a significant economic benefit may be created out.

3.1 The Allocation Problem

We utilize a standard multi-period asset allocation model, like what Liu, Longstaff, and Pan (2003) and Liu (2007)
did, in which the investor equips with a power utility

. if x>0
U(x) = { 1-y '’ if x>0, (10)
—o00, ifx<0,

where y > 0 denotes the relative risk aversion coefficient, and the second equality imposes a honnegative condition
in wealth. The nonnegative wealth constraint will rule out the arbitrage opportunities described by Harrison and
Kreps (1979). Suppose that the investment opportunity set consists of a risky asset and a riskless one. The investor
starts with a positive initial wealth W, > 0 and invest a fraction ¢, of his wealth in the risky asset at each time
point t,t € [0,T] to maximize the expected utility based on his terminal wealth W,

wp Y
1-y ]

maXg, o<t<T} Ey [

This simplified specification facilitate to focus on the intuition behind the calibrated results, although the
intermediate consumption can be easily involved.

The riskless asset is assumed to follow a deterministic process with a constant rate rdt and the risky asset is
supposed to follow (6) under the economy described by the SVF model . The resulting wealth process satisfying the
self- financing condition can be written by

2
[q,')t (50 + 8k + 2T 4 7] dt + ¢o (1 + 2nA)hy dBy — N2 AhedBye, (1)

where agtlz is the adjustment term from Ito formula.

aw,
Wi

In order to solve the optimal portfolio weight ¢, we utilize the standard stochastic control approach. Following
Merton (1974) and Liu (2007), while the indirect utility function J is defined by

J(Wy, he, t) = maxg, o<e<ry B [UW)], (12)
the principle of stochastic control results in the following Hamilton-Jacobi-Bellman (HJB) equation:
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. o5 1,7 ]
0 = sup,, {] + ], W, [qbt (60 + 8,k + %) + r] + %Wf(p?agt + (1/;0 - ‘Plht)/h + %aﬁt —]Wh¢tapht},

(13)
where j, ], J, denote the first-order derivatives of J with respect to t, W;, h, and Jyw, Jun, Jwn ObViously
denote the corresponding second-order derivatives.

We then conjecture the functional form of the indirect utility function J being

w7

- A(hg, t). (14)
Based on the conjectured form, we take first- and second-order derivatives of J with respect to W, h,,t in place of
the corresponding terms in HJB equation (13). After that, we take the first-order derivative of HIB equation with
respect to ¢, by achieving the optimal solution so that the optimal portfolio weight, given the conjectured function,

yields

JWy, he, t) =

2
¢* _1 50+81ht—7+% _ AJ(%) (15)
t—y U‘;t yA aﬁt
The value function A satisfies the following partial differential equation
A G =\, = V.. A A .
0= - + [¢t (50 + 61h + % - 7') +7— B tzo'z?t] + (o — lplht)ﬁ + 2(1h_hy) O-}%t - Ahd’to'phtn (16)

where A =0A/0dt, A, = 0A/0h and A, = 0%4/0%h.

The optimal portfolio weight (15) consists of two components: the first one is called the myopic demand and the
second one is called the intertemporal hedging demand. The myopic demand is obviously irrelevant to the value
function A but depends on the reciprocal of y and the return's mean-variance ratio, which has been viewed as the
current price of risk on stock market. The influence of the volatility feedback effect on the myopic demand goes
through the stock return variance Uﬁt- Since the mean-variance ratio reflects only current market condition, the
demand based on this ratio turns to be myopic. The intertemporal hedging demand depends on the reciprocal of y,
the covariance between stock return and the change in state variance oy, the stock return variance o, and the
curvature of the value function A, /A. The change in volatility is supposed to induce a change in future investment
opportunities so that the invested wealth is necessarily affected. As mentioned in the previous sections, the
magnitude of the change in investment opportunity set depends on the specifications of Uﬁt and oy, Which are
heavily affected by the volatility feedback effect. The curvature of the value function A reflects the response of the
investor against the change in investment opportunity set caused by the change in state variable h, via Uﬁt and
Opht-

3.2 Optimal Portfolio Weights and Horizon Effect

Quantitative analysis for the optimal portfolio weight under the economy described by the SVF model mainly
pertains to the solving of the partial differential equation (16), calibrating the value function A. The whole
calibration for the optimal portfolio weight is done under the following setups: the relative risk coefficient y is set
to be 3, and the investment horizon T is 6 months for a short-term investment and 120 months for a long-term
investment (Note 7). The optimal portfolio weight is calibrated with respect to the state variable h,.
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Figure 1. The Investment Horizon and Optimal Portfolio Weights

Figure 1 plots the proportion of wealth invested in stock return under different investment horizons. The investment
horizons are divided by six months, two years, five years and ten years. When the investment horizon is six months, the
total demand is very closed to myopic demand, the intertemporal hedging demand approaches to zero. At the five-year
investment horizon, the total demand exhibits a U sharp feature, and the intertemporal hedging demand can dominate
the the myopic demand when the investment horizon be ten years. The interpretations of these results can be
decomposed by two aspects. First, according to the predictability on stock return, high volatility implies good
investment opportunities in the future because it will be compensated in risk premium. Besides, the longer is
investment horizon, the more possibility for the volatility reverts to its long-term return, implying lower risk burden of
holding stock over long-term horizon. Second, the volatility feedback effect be an amplification mechanism making
the shifts of investment opportunities being persist. A longer investment horizon, the investors more concern about the
persistence shifts on investment opportunities. They have strong motivation to hedging these intertemporal risks. Here,
the amplification mechanism via volatility feedback effect means that a piece of bad news drops down the stock price,
the debt-equity ratio increase makes the volatility increase. Then this increase volatility drops down stock price again
because the required return on stock increase. The re-drop stock price increases the volatility again. This recursive
procedure keeps the movements on future investment opportunities.
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Figure 2. Horizon Effects and Risk Aversion

Figure 2 plots the term structure of optimal portfolio weights under different y. As investment horizon increase, the
conservative investors (y =3, 5) increase the proportion of wealth invested in stock. Whereas, the aggressive investors
(y = 0.5) decrease the proportion of wealth invested in stock. Because the aggressive investors have negative
intertemporal hedging demand. Besides, the magnitude of percentage investment in stock also depends on y. The
investors with higher y hold less stock than the investors with lower y. In particular, the aggressive investors may
have a leveraged portfolio strategy because their percentage investment in stock allows to greater than one.

3.2 The Economic Benefits and the Volatility Feedback Effect

It is known that the volatility feedback effect given a proper investment horizon may give rise to profound influence
on the stock demand of the investor based on the previous calibration results. In this section, we seek to assess the
economic benefit created by the volatility feedback effect.

Another formal metric assessing a given optimal portfolio weight advocated by the financial literature is the
utility-based benefit and this is the most relevant metric as it quantifies benefits based on investor preference.
Certainty equivalent wealth (CEW) is a metric to acknowledge what will be lost or gained if we ignore/involve some
sorts of risk sources. Following Brennan, Schwartz and Lagnado (1998) and Xia (2001), we are able to compare
different optimal portfolio weights directly because CEW is doing the economic value for a given dynamic trading
strategy. The value of CEW for a given optimal portfolio weight is the amount of money that makes the investor
indifferent between receiving certainty CEW at the time T and investing $1 today up to the time T utilizing the given
strategy. In other word, CEW is the monetary value of a given optimal portfolio weight inside an investor and then
has been defined by

-v

CEWT@D) — J($1, hy, t) = Alhe, £ ) % -

1-y
or
1
CEW (¢*) = A(hy, t; 97)1-7. (18)
The main results of the CEW values over various cases of the SVF model and four different sample periods are also
reported.
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Figure 3. Certainty Equivalent Wealth and Asymmetric Volatility

To access the economic importance of feedback mechanism, we run a horse race among four strategies: no asymmetric
volatility (1 = n =0), only leverage effect (1 =0, n =0.05), only volatility feedback effect (n =0, 1 =1.4) and both
effect (1 = 1.4, n =0.05). Figure 3 exhibits the CEWSs of these four strategies. Here, we set the relative risk aversion
coefficient to be three and fix the investment horizon to be ten years. The CEWSs of strategies that consider volatility
feedback effect are obviously superior than the CEWSs of strategies that ignoring volatility feedback effect. The gap of
CEW between these strategies becomes large as the volatility increase. Whether consider the volatility feedback effect
of not on the optimization decision significantly affect the valuation of the strategy.
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Figure 5. Intertemporal Hedging and Asymmetric Volatility
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The interpretations of CEW’s results are based on the following two features. Figure 4 exhibits the percentage
investment in stock among these four strategies and Figure 5 plots the proportion of wealth invested in stock for
hedging among these four strategies. The y is three and investment horizon is ten years in these two features. In Figure
3, the strategies that consider the volatility feedback effect exhibit U sharp feature, however, the strategies ignore the
volatility feedback effect exhibit monotonic decreasing feature. In Figure 5, the intertemporal hedging demand for the
strategies with volatility feedback effect are much more than the strategies without volatility feedback effect. In
particular, the only leverage effect strategy has no significant intertemporal hedging motivation even though the
leverage effect allows asymmetric volatility. Without the amplification mechanism from volatility feedback, only
leverage effect cannot generate enough movements on investment opportunities to induce strong intertemporal
hedging motivation. This explanation is very similar to that of Liu (2001), on other hand, it sheds light on the
importance of volatility feedback effect.

The high CEW on the strategies with volatility feedback effect is coming from the benefit of “time diversification” or
horizon effect. These strategies diversify the risk burden of holding stock over the long period of time. For example,
although today’s volatility is high (the price is low), future return will compensate this risk in risk premium and the risk
(volatility) may diminish in the future due to the mean-reverting property. As a result, a conservative long-term
investor would like to hold much more stock for the long-term benefits under this situation.

4. Conclusion

The volatility feedback effect and the leverage effect can be attributed to the two major mechanisms to cause the
asymmetric responses for the positive and negative shocks in stock return and return volatility. This paper devises a
stochastic volatility feedback (SVF) model to investigate the economic importance of the leverage and volatility
feedback effects. We perform the dynamic asset allocation model under various settings for the budget constraint and
then compare the economic performances for the corresponding optimal investment strategies. Our findings are as
follows. (i) the volatility feedback effect drives the intertemporal hedging demand, in contrast, the leverage effect has
a minor effect on it; (ii) a longer investment horizon or a higher current volatility enhance the volatility feedback
effect; (iii) ignoring the volatility feedback effect would suffer from tremendous economic loss.

This paper contributes the literature in several aspects. First, we propose a new continuous-time specification for the
stock return and the change in volatility. Next, we investigate the the economic importance of the leverage and
volatility feedback effects in terms of the dynamic asset allocation. Finally, the economic performances of the
optimal investment decisions under various specifications and periods are calculated.
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Notes
Note 1. Campbell and Hentschel (1992) pointed out that five largest one-day movement in S\&P 500 index since
World War I, four out of five are dropping in the index, of the ten largest movements, eight out of ten are dropping.

Note 2. Campbell, Lo and MacKinlay (1997) adopted these two terms explaining volatility asymmetry.
Note 3. Their sum of a+ 8 must be smaller than one but is usually quite close to one, reflecting the degree of
persistence in h;, .
Note 4. By repeated substitution using (1.7), the unexpected change in the future return, i.e. the second term of (1.4),
can be expressed by:

(Eerr —E) X521 & Tes14j = —2nAJ Reyr " Veyr + ey (W — 1),
where the A parameter is expressed in (1.9). Combining the above term and (1.5), (1.8) is straightforwardly
available.
Note 5. The whole derivation can be found in Campbell and Shiller (1998) and Campbell (1991). ¢, in fact, is the
average ratio of the stock price to the sum of the price and the dividend and in (1.4) we have imposed the terminal
condition: lim; — &/, ; =0
Note 6. It should be clear by now that the state variable h; inthe SV and SVJ model is the stock return volatility. In
contrast, the state variable h, in the SVF model is the conditional variance of unexpected change in the future
dividend growth as defined in (1.2)
Note 7. The detail procedure of model calibration is addressed in appendix A.
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